Using the quark eigenmodes computed on the lattice with the overlap-Dirac operator, we investigate the spatial distribution of the chiral condensate around static color sources corresponding to quark-antiquark and three-quark systems. A flux structure of chromo fields appears in the presence of such color charges. The magnitude of the chiral condensate is reduced inside the color flux, which implies partial restoration of chiral symmetry inside hadrons. Taking a static baryon source in a periodic box as a toy model of the nuclear matter, we estimate the magnitude of the chiral symmetry restoration as a function of baryon matter density.
I. INTRODUCTION
The low-energy dynamics of Quantum Chromodynamics (QCD) is characterized by two prominent properties, i.e. chiral symmetry breaking and confinement. In the QCD vacuum, chiral symmetry of quark fields is spontaneously broken, as probed by an order parameter, the vacuum expectation value of the scalar density operatorqq. Through the BanksCasher relation [1] , this chiral condensate Σ = −can be related to the spectral density of the low-lying Dirac eigenvalues. In the presence of valence quarks, or color sources, some modification of the vacuum is expected around them. Strictly speaking, it is no longer the vacuum, i.e. the lowest energy state of the system, but we use this terminology having in mind an application to the study of finite density QCD. Although the static color sources as considered in this work, is only a crude approximation to the finite density system, the study of the vacuum modification may shed light on the states of finite density QCD, which has been a subject of active research (see, for instance [2] ).
The other interesting property of low-energy QCD is the confinement of quarks, which is characterized by the linearly rising potential between static color sources. Putting a pair of static quark and anti-quark in the vacuum, a color flux-tube emerges between them and leads to a linear increase of the energy as a function of the separation. This flux-tube structure has been observed in lattice QCD calculations by monitoring the action density or chromo-electric (or chromo-magnetic) field [4] [5] [6] . We expect that such flux-tube structure is reflected in the low-lying fermion eigenmodes, because the Dirac eigenmodes carry the information of their background gauge field configuration. Indeed, the QCD field-strength tensor can be reconstructed using the fermion eigenmodes [3] .
In this paper we present a lattice study of the spatial distribution of the chiral condensate in the presence of static color charges. We consider quark-antiquark and three-quark systems represented by Wilson loops to mimic the mesonic and baryonic states, respectively. We use the lattice data of the Dirac eigenmodes calculated on the gauge configurations generated with 2+1-flavor dynamical overlap fermions [7] . With the overlap fermion formulation [15, 16] , chiral symmetry is exactly realized on the lattice, which is important in the study of the low-lying Dirac eigenmodes, as they are very sensitive to any small violations of chiral symmetry. The lattice data used in this work have this nice property, and indeed were successfully applied to the extraction of the chiral condensate in the vacuum [8] [9] [10] [11] .
The organization of this paper is as follows. In Section II, we describe the method to construct the local chiral condensateqq(x) by using the overlap-Dirac eigenmodes, and show its distribution in the vacuum. In Sections III and IV, we investigate the spatial distribution of the local chiral condensate around the static color sources. Section V is devoted to a summary. Preliminary reports of this work are found in [12] [13] [14] .
II. TOPOLOGICAL STRUCTURE OF THE QCD VACUUM
We investigate the topological structure of the non-perturbative QCD vacuum in terms of the eigenmodes of the overlap-Dirac operator. It preserves exact chiral symmetry, and the relation to the topological charge of background gauge field configuration is manifest, i.e. the index theorem, at least for smooth enough backgrounds [17] .
In this paper, we use the 2+1-flavor dynamical overlap-fermion configurations generated by the JLQCD Collaboration [7] . Their lattice volumes are 16 3 × 48 and 24 3 × 48 at a single inverse lattice spacing a −1 = 1.759(10) GeV. The dynamical quark masses are m ud = 0.015a −1 and m s = 0.080a −1 . The global topological charge is fixed at Q = 0 to avoid the problem of divergent molecular dynamics force in the simulations [18] . It induces finite volume effects [19] , which would not be significant for the relatively local observables considered in this study. Most of the results are obtained on the larger lattice (24
where the number of independent configurations is 50.
In the following we describe the profile of the low-lying eigenmodes on these lattices.
A. Local chiral condensateqq(x)
The massless overlap-Dirac operator is given by [15, 16] 
with the hermitian Wilson-Dirac operator
Here, sgn denotes the matrix sign function. Introducing the quark mass m q , the overlap-Dirac operator is modified as
This form cancels O(a) discretization effects, together with a proper rotation of the fermion fields in the observables.
We define the eigenfunction ψ λ (x) associated with an eigenvalue λ of the massless overlapDirac operator
where the eigenfunction ψ λ (x) is normalized as x ψ † λ (x)ψ λ (x) = 1. Using them we may expand the "local chiral condensate"qq(x) in terms of the eigenmodes, i.e.
for a valence quark mass m q . This relation represents a self-contracting fermion loop contribution from and to the scalar density operator. If the measured observables do not include other light quark fields to be contracted, then the substitution (4) is justified. The correlation functions ofqq(x) with the Wilson-loop are in this class of observables.
The chiral condensateis given by an ensemble average ofqq(x) without insertions of other operators. By averaging over space-time, this quantity is simply written in terms of only the eigenvalues because of the normalization condition for ψ λ (x). Thus the relation between the chiral condensate and the spectral density ρ(λ) of the Dirac eigenvalues is established. In the chiral limit it reads Σ = πρ(0), i.e. the Banks-Casher relation [1] .
B. Action and topological charge densities in terms of the Dirac eigenmode
Since the gauge field strength tensor F µν is defined through the covariant derivative D µ
, it can also be related to the Dirac operator [3] . Here we briefly reproduce the derivation.
The square of the Dirac operator /
By multiplying γ µ γ ν and taking a trace with respect to the Dirac indices, the field strength tensor is expressed as
Therefore, by expanding the Dirac operator in terms of its eigenvectors ψ λ (x), an expansion of the field strength is obtained: Using this decomposition, the action and topological charge densities are expressed as
respectively. Here, tr c denotes a trace with respect to the color indices andf µν (x) λ = respectively. They show tomographic images on a certain T -X slice of the four-dimensional lattice extracted from a given gauge configuration of size 24 3 × 48.
As one can see in Fig. 2 (a), the local condensateqq(x) forms a cluster structure. At the same space-time points of the cluster, the action density shows peaks (the panel (b)). More importantly, the topological charge density has positive and negative islands stretching over several lattice spacings at the same space-time points. This is consistent with the picture that the instanton-and anti-instanton-like objects of size ∼ 0.5 fm are responsible for the local chiral condensate, as suggested in the instanton-based model of the QCD vacuum [20] . Such observation is not new; indeed, there are lattice studies using the overlap-Dirac operator [21, 22] showing the similar profile of the low-lying eigenmodes.
III. CHIRAL CONDENSATE IN QUARK-ANTIQUARK SYSTEM
In the presence of color charges, there appears a flux-tube of chromo-electric fields, which has been observed on the lattice by measuring the spatial distribution of field-strength tensor [ [4] [5] [6] . In this section, we investigate the spatial distribution of the local chiral condensatē qq(x) (4) around the static color sources. Previously, a related analysis has been made, but on a single color source, i.e. a Polyakov line [23] [24] [25] , or at finite temperature where the flux-tube is expected to be suppressed [26] .
A. Partial restoration of the chiral symmetry in the flux-tube
We investigate the spatial distribution of the local chiral condensateqq(x) around the static color sources by calculating a correlation
where W (R, T ) denotes a Wilson-loop of size R × T . It represents a pair of static quark and anti-quark separated by a distance R. The origin of the coordinate is chosen at the center of the loop, which stretches along the X-axis, and the Y and Z-axes correspond to the transverse directions. Figure 3 shows a schematic picture of the measurement.
As mentioned in the previous section, we truncate the sum over the eigenmodes in (4) at the N -th eigenvalue and denote the corresponding local condensate asqq (N ) (x). In the final analysis, we chose N = 160, after confirming that the result is unchanged once a sufficient number of low-lying modes are included.
Reflecting the ultraviolet divergences of the scalar density operator, the expectation value ofqq (N ) (x) contains quadratic and logarithmic divergences. The strong quadratic divergence is associated with a mixing with the identity operator and has the form m q /a 2 . Because of the exact chiral symmetry of the overlap-Dirac operator, the strongest divergence of 1/a 3 is absent and the leading term is of 1/a 2 and proportional to m q . Since the truncation at a fixed mode number N can be considered as a certain regularization scheme, the regularized operatorqq (N ) (x) can be parametrized as
withqq (subt) the operator for which the power divergences are subtracted. The second and third terms represent a mixing with the identity operator; the mass dimension is compensated by m q /a 2 and m is set at t = 0, and the valence quark mass is m q = 0.015a −1 .
In order to improve the signal, the lattice data are averaged over space-time. Namely, assuming the translational invariance of the expectation value, we shift the whole system including the Wilson-loop and the local chiral condensate and take an average. This can be done without additional computational cost to solve quark propagators by using the low-lying eigenmodes. This is one of the advantages of the construction (4).
As Figure 4 demonstrates, there appears a tube-like structure between the color sources, where the change of the condensate becomes positive, i.e.(N ) ( x) W > 0. It means that the magnitude of the chiral condensate is reduced between the color charges, sinceis negative in the vacuum.
The remaining logarithmic divergence inqq (subt) can be canceled by taking a ratio
where(subt) is obtained by fitting the vacuum expectation valueto (11) as a function of the valence quark mass m q . As there are no remaining ultraviolet divergences, the ratio r( x) has a proper continuum limit. Hereafter, we mainly use this quantity to quantitatively estimate the restoration of chiral symmetry. These plots provide a quantitative measure of the reduction of the chiral condensate.
The region where the chiral condensate is reduced forms a structure that resembles the color flux-tube. In other words, chiral symmetry is partially restored inside the flux-tube.
The restoration becomes stronger around the center of the flux, which is about 20% when
The close relationship between the flux-tube is suggested in Fig. 6 . We compare the cross-section of both chiral condensate(subt) ( x) W and action density ρ (N ) ( x) W around the Wilson loop using low-lying 160 eigenmodes. The latter is calculated inserting the action 
The spatial profile of both local chiral condensate(subt) ( x) W and action density ρ (N ) ( x) W around the color sources with a separation R = 8 using 160 low-lying eigenmodes. For a comparison of their shape, both quantities are normalized at the origin.
density ρ( x) in place ofqq( x) in Eq. (10), which is used for the flux-tube measurement [4] [5] [6] .
In order to compare the profile, both quantities are normalized to unity at the origin. Apart from their normalization coefficients, the spatial profile of the chiral condensate shows a good agreement with the action density. ultraviolet divergences, there is no significant difference between N = 120 and 240. Our choice N = 160 is therefore sufficiently conservative. We have confirmed such saturation for other quantities considered in this paper.
The partial restoration of chiral symmetry is in accordance with the chiral bag model picture for the quark-antiquark system [28] . In the naïve bag-model, chiral symmetry is completely restored inside the bag, while Fig. 5 suggests a smooth boundary with a reduced but non-zero condensate inside the bag.
B. Chiral symmetry restoration as a function of the separation
Next we study the chiral symmetry restoration depending on the separation of the color sources. The magnitude of the reduction increases with R. For instance, at the origin, the reduction of about 15% at R = 4 grows up to about 25% at R = 10. Beyond R = 10, the statistical signal becomes much worse, and the effect of spatial boundary would become important as R approaches L/2.
In Figure 9 , we plot the value of the ratio at the center r(0), where the magnitude becomes minimum, as a function of R. As the separation R increases, the ratio of the chiral condensate decreases monotonically until the maximum distance we could explore. At larger distances, the effect of string breaking should manifest itself in dynamical QCD, and the local chiral condensate would stop decreasing. As far as we can observe, the reduction of chiral condensate inside the color flux-tube is of the size of 20-25% at the distance of 1 fm, assuming that the string breaking does not occur in this scale [29] , since it is difficult to observe the breaking state using the Wilson loop as a color source.
By increasing the separation between color sources, the thickness of the flux is expected to grow logarithmically as a function of its length [30, 31] . Such behavior has indeed been observed in quenched lattice QCD calculations [32] (see also [33] for a study at finite temperature), for which one can increase the statistics more easily. In this work we try to observe the thickness through the chiral condensate ratio r(x). Figure 10 shows the cross-section of r(x) along the Y -axis for some combinations of R and X. It is clear that for a fixed X the flux is thicker when the separation R is larger.
More interestingly, the curve for R = 8 at X = 0 almost coincides with that for R = 10 at X = 2. Similarly, the curve for R = 4 at X = 0 coincides with that for R = 6 at X = 2.
This indicates that the thickness of the flux is highly correlated with the magnitude of the reduction.
In fact, such coincidence is expected from an effective string model [34, 35] . According to that model, the ratio r(Y ) is written as
where K 0 (x) and K 1 (x) are modified Bessel functions. The parameter µ has a physical interpretation as the inverse penetration length of the flux from the perpendicular direction, and α is the thickness of the core. The parameterr represents the strength of the condensate reduction.
The function (13) reproduces the lattice data quite well, as shown by the curves in Fig. 10 .
The fit results are summarized in Table I . The penetration length is in the range of 1/µ 1.0-1.6, which corresponds to 0.11-0.18 fm in the physical unit. The core size α is 1.4-3.6 in the lattice unit, and is in the range 0.15-0.4 fm. We observe an increase of α as R increases while X is fixed at zero, but with the large statistical error we are not able to claim the clear evidence of the string fattening. (13) for each R and X, together with χ 2 per degrees of freedom.
Note that µ and α are in the lattice unit. The condensate ratio at the center r(0) is listed as well.
IV. CHIRAL CONDENSATE IN THE THREE-QUARK SYSTEM
A. Partial Restoration of chiral symmetry in the 3Q-system
Next we consider a system consisting of three color charges that represents a baryon system, that we call the 3Q-system in this paper.
Using the path-ordered product U k ≡ Γ k e iagA k along a path Γ k , the 3Q Wilson-loop is given by
, which is made color-singlet by the totally antisymmetric tensor ε abc of color indices a, b, and c [36, 37] . Similar to theQQ-system, the spatial distribution of the chiral condensate for the 3Q-system is measured as
with the 3Q Wilson loop W 3Q . The ratio of the chiral condensate in the 3Q-system r 3Q ( x),
for which the ultraviolet divergences cancel, is then constructed by Figure 11 shows a schematic picture of the construction of the 3Q Wilson loop W 3Q from denoted by circles in the plot. As shown in Fig. 12 , the magnitude of the chiral condensate is reduced among the color sources, which indicates the partial restoration of chiral symmetry inside the 3Q-system. We note that the characteristic Y -type flux is not clearly seen in this plot, probably because the thickness of flux is comparable to the color source separation.
Because of the statistical noise, we are not able to repeat the calculations increasing the quark separations.
Like in theQQ-system, the magnitude of the restoration depends on the separation of the sources. Figure 12 shows the cross-section of the ratio r 3Q ( x) along the line of X = Y with the color sources at (X, Y ) = (R, 0), (0, R) and (0, 0). In this setup, the measurement goes through one color charge and the center of mass of the system. By comparing the data for R = 3 and 6, we find that the reduction is more substantial for R = 6, which is similar to the QQ-system (see Fig. 8 ). The reduction of the local chiral condensate becomes larger with the size of the loop, and take its minimum value at around the center of gravity. With R = 6, the reduction is about 30%, which is also similar to that of the QQ-system. The net change of the condensate under such system is estimated by the spatial average of the condensate ratio r 3Q ( x): region where the chiral condensate is reduced from its vacuum value. Since the region gets larger with increasing R, the slope for larger R is steeper.
In our setup, the reduction of the chiral condensate at the normal nuclear density is only ∼ 5%, which is much smaller than the phenomenological model estimate of O(30%) [38] .
Our estimate, however, assumes a fixed spatial size of the baryon which is smaller than the realistic nucleon. For instance, the mean root square radius of our setup in Fig. 14 is 0.44 fm when R = 6, while the charge radius of proton is 0.88 fm. As the restoration of chiral condensate is stronger for larger separation, this suggests thatρ in the realistic finite density QCD could be substantially lower than our estimate.
V. SUMMARY
The Dirac eigenmodes carry the full information of the background gauge field. Indeed, having the complete set of the eigenvalue and eigenvectors, one can reconstruct the fieldstrength tensor F µν (x) at any point x. They therefore offer an interesting way of filtering out the ultraviolet modes and investigating the low-energy dynamics of QCD by only using the low-lying eigenmodes upon reconstruction. This is a sound and well-defined regularization method of quantum field theory.
We use this method to investigate the spatial profile of the chiral condensate under the presence of external sources. On the lattices generated with 2+1 flavors of dynamical overlap fermions, we calculate the low-lying eigenvalues and associated eigenvectors of the overlap-Dirac operator, and use them to reconstruct the chiral condensate locally. Then, it is straightforward to measure its correlation with the external color sources set up to model theQQ and 3Q systems.
We find that the local chiral condensate shows a structure interpreted as a color flux-tube between theQQ color sources, in which the condensate decreases significantly. It indicates a partial restoration of chiral symmetry inside flux-tube and suggests that it happens also inside hadrons. The spatial profile is consistent with a string model of the confinement potential, giving another support for the presence of the color flux-tube.
We perform a similar measurement in the 3Q system, which is new as far as we have noticed. It again shows the partial restoration of chiral symmetry among the color sources.
The reduction of condensate is about 30% for the separation between the color sources of ∼ 1 fm. It can be used to estimate the chiral condensate in the finite density system.
The method developed in this work may easily be applied for the study of finite temperature QCD, where the Polyakov loop can be used for a static color source. Since the eigenmodes can be used to define various charges, such as the axial charge density, the quark number density, and the topological charge, it may provide an interesting alternative to measure their spatial distribution.
